The above seminvariants may be converted into seminvariants of (A) by means of equations (5), (6), (7). A comparison of these equations with (9) shows that the desired seminvariants of (A) are obtained simply by replacing in the above semi-canonical forms 7rik, by Uikl, 7rk by Viki and 7rkl by Wikl A comparison of the seminvariants I(r S ) of (A) with the corresponding seminvariants5 for the case n = 2 shows the former to be independent.
explosions in the bomb at constant volume, but we shall here show how all the properties may be determined by experiments in the gun alone.
It is customary among ballisticians to make many more or less crude hypotheses, and it is even denied that it is possible to apply the strict principles of thermodynamics to the gun as a heat-engine. It shall be our endeavor to show that this is not the case, and to relieve the subject from some of the approximations that have usually been made. The latest and most distinguished writers upon this subject are General Charbonnier and his pupil Sugot, both members of the celebrated Commission de GAvre (the latter its chief engineer) from which emanated all the knowledge of ballistics that was used during the war, not only for the French army but for ours. VOL. 6, 1920 649 PHYSICS: A. G. WEBSTER The new methods here described consist, first, in the use of new experimental methods for obtaining the pressure in the gun, the position of the shot, and the muzzle velocity; second, in making the theory depend upon a new differential equation, and third, in the use of the graphic methods of calculation and integration that are common in engineering problems. The experimental methods hitherto have depended on the crusher gauge of Sir Andrew Noble and the Le Boulenge chronograph, both almost unchanged since their invention fifty years ago,, and both giving but a single value of the pressure or the velocity. To be sure the Sebert veloci4zmtzL44 meter gives a continuous record of the position of the shot as a function of the time. It will readily be seen how a continuous record, with an infinity of values of the pressure, as well as a more direct measure of the positions. of the shot, will increase our knowledge of the whole process.
We must first decide upon the equation of state that is to be used for the gases generated by the explosion. It has been shown in a previous paper in these PROCUPDINGS (Vol. 5, pp. 286-288, July 1919) If the powder is contained in a variable volume c and cz has been burned, while w(l -z) remains in solid form, of density 5, the gases will have the space V = {c -w(1 -z)/ } to occupy, so that the specific volume will be v = {c-(1-z) } /z and we have
RTwz (4) c -w(1 -Z)/6 -wz, as the relation between p, z, c, and T. Let S be the area of the bore, *c' the volume of the chamber, and x the position or "travel" of the shot, 
In order to write the dynamical equation of motion of the shot we shall assume that the resistance of the rifling (sometimes known as the passive resistance) which is due to the friction of the shot against the lands, and would naturally contain a term proportional to the pressure, is a linear function of the pressure R = Ro + bp.
(7)
.
9~~~~± -:=±!-X;=et- If then m is the mnass of the shot, u its velocity, t the time, and if we take account of the inertia of the gas already formed, which is really coz, by means of a factor X, we have
dt dt where p. is the atmospheric pressure, which is so small that it may generally be neglected. By integration of (9) If p is given in the form of a curve by the indicator, and the two integrals are evaluated for the whole time the shot is in the barrel, the determination of the muzzle velocity and of the whole length of the barrel, everything else being known, will furnish two linear equations for the determination of R. and b. On the other hand if the times at which the shot lo.F 1- Now if the specific heats are constant, we have 1 du _ u (p, + p,dp) dZ2 AoP dz A(p2P2\ dx E(p-F) _ dx( P dp + ) (25) A2p2p2 dz P dz q
Now by logarithmic differentiation of (19) we obtain %~~~d u dx 1 dp f-2Gu-C--d (26) _~~~d _ d_ p dz fZ-GU2 B + Cx-Dz or by means of (23), (24) p f-2GE(p-F) dx C dx D dp pa (19), it gives x, the travel of the shot, in terms of z, the fraction of the powder burned. The equation (28) may be integrated graphically. When x is known as a function of z, p may be so determined, and then t and u from equations (22). Thus x, p, u, and z may all be found in terms of t, and the direct problem is solved. The equation (28) will b,e considerably simplified if we neglect G, which is equivalent to assuming the temperature constant, which is usually done.
We shall however use the differential equation (28) or rather (25) to solve the inverse problem. If x, p, and u are experimentally given, from which z is calculated by (19), everything in (28) is known except P and so.
If we begin with an approximate value of sp, say (1 -z)" and an assumed value of pa, equation (28) will be a linear equation for a and ,3, from which by a few trials, the exact values may be obtained. We now come to the experimental portion of the work. The pressures in the rifle were observed by means of the gauge described in these PRO-CEEDINGS for July, 1919, the film being afterwards placed in the lantern and an enlarged tracing being made with a pencil on squared paper. From 657 VOL. 6, 19.20 PHYSICS: A. G. WEBSTER PHYSICS: A. G. WEBSTER this the calculations were made by my assistant, Dr. E. A. Harrington, who has carried out all the experimental work except the determination of the travel of the shot. In the figures (p. 649), curve 1 represents p,t for the shot used, while 2 is a curve of a reduced charge of 7/10 normal. The curves were then graphically integrated twice by counting the squares.
Curves 3 and 4 show the first and second integrals fpdt and fdtfpdt, respectively. The travel of the shot was determined by observing the time of contact of the bullet with the end of a coil of fine wire forced down the barrel to a measured point, an oscillograph of high frequency being used, and the time being observed on one of the revolving drums previously described. This was done about a year ago by my then assistant, Mr. H. C. Parker, and the result, shown in curve 5, is the average of a good many shots. The exact agreement of the two curves 4, 5 shows the propriety of the assumption about the resistance, and determines b as (S-b)/S = 0.894. In this case R. = 0. We can also neglect p, so that F = 0.
The muzzle velocity and the time of the shot leaving the barrel were determined by the method described in these PRoczzDINGs, April, 1920, As for the constants of the powder, the density was determined by Dr. Harrington in the pyknometer as 1.58 gm./cm. No attempt was made to determine I experimentally, that being best done in the bomb, but the value q = 0.95 was assumed. The load was w = 3.100 gm. To determine f, the "force" of the powder (which has the dimensions of energy/ mass) two methods were used, which agreed very well. If it is assumed that the point of inflexion on the observed pressure curve marks the end of combustion, z = 1, f is determined from equation (19) In order to show the functional relation (19) between the five quantities p, x, u, z, G, an "abaque a glissement" was constructed, so that by placing a transparent index on four of the variables the fifth could be found. This will be described elsewhere, but inasmuch as it was found to take longer to set the index than to set up the numbers on the arithmometer, of which we have several models, it was not used. After z was calculated, curves were drawn: 6(p,x), the indicator diagram (p. 652) for the gun; 7(z,t), 8(dz/dt,t), 9(x,z), lO(dx/dz,z), 11(1-z)" for various values of n; 12(p,z), 13(dp/dz,z) (with a different zero of ordinates); 14(u,z); 15(du/dz,z); 16(dx/dt,z).
For graphical differentiation, a simple contrivance was used consisting of two metal rulers jointed together at one end. Near the other end of one was placed a plane mirror normal to the edge of the rule. By looking at the curve in this, and making its reflection join it without a corner, the direction of tangency could be found more accurately than by making the ruler tangent. The other ruler is then set parallel to the horizontal lines of the paper, and for a horizontal distance of ten or twenty centimeters the vertical distance between the rules read off, giving the trigonometrical tangent. Thus in a few minutes we may lay down the derivative curve with nearly three figure accuracy. I have the following criticisms to make on the curves. After they had been given to the photographer it was discovered that the left-hand portions of (9) and (10) are incorrect, since dx/dz must vanish when x and u are zero. This is probably due to an error in choosing this point, which should be at the inflexion of the p curve, which should have been determined with the mirror directly on the film, instead of on the enlargement. When this is done, the pressure to start the shot is found to be the same as on curve 2, which (like 1) is so good that films of two different shots may be laid one over the other without being distinguishable. Making this correction will slightly displace curves (3) and (4). I realize that I have given hardly enough here to verify the theory, but as this paper is too long already, and as I am very shorthanded for assistance, I consider it best to publish it for the method, and to leave the verification, which should be by the construction of the observed curves from calculation, for another paper. By the courtesy of Rear-Admiral Ralph Earle, we have a Naval onerpounder gun, to which we hope to apply the methods, on which we hope to improve by experience. For a larger gun, where the wires might be blown out of the gun by the blast, we have another method of finding the velocity in the bore.
It should have been stated in our former paper, and is now stated 
